The success of non-relativistic quantum dynamics in accounting for the binding energies and spectra of light nuclei with masses up to A = 10 raises the question whether the same dynamics applied to infinite nuclear matter agrees with the empirical saturation properties of large nuclei. The simple unambiguous relation between few-nucleon and many-nucleon Hamiltonians is directly related to the Galilean covariance of nonrelativistic dynamics. Relations between the irreducible unitary representations of the Galilei and Poincaré groups indicate that the "nonrelativistic" nuclear Hamiltonians may provide sufficiently accurate approximations to Poincaré invariant mass operators. In relativistic nuclear dynamics based on suitable Lagrangeans the intrinsic nucleon parity is an explicit, dynamically relevant, degree of freedom and the emphasis is on properties of nuclear matter. The success of this approach suggests the question how it might account for the spectral properties of light nuclei.
Introduction
The purpose of this paper is to examine some questions raised by the successes of "nonrelativistic" dynamics of light nuclei [1] on one hand and "relativistic" effective theories of nuclear matter [2] on the other. Can the successful few-nucleon Hamiltonian also describe nuclear matter with comparable accuracy? Is the success of "nonrelativistic" Hamiltonian dynamics compatible with the fundamental requirement that space-time symmetry be realized by unitary representations of the Poincaré group [3, 4] on the Hilbert space of states? Can many-body quantum mechanics formulated on tensor products of Dirac spinor functions account for the successful features produced by Lagrangean field theories?
Standard Hamiltonian Dynamics
Standard Hamiltonian nuclear dynamics is a mathematically consistent framework for the quantitative description of nuclei. The form of the two-nucleon Hamiltonian is suggested by quantum field theory while the quantitative details are adjusted to fit a vast array of available two-nucleon data. Much smaller three-body forces are similarly determined. Assuming that higher order multi-nucleon forces are negligible the Hamiltonian is then completely determined for any nucleon number. Conserved electromagnetic currents consistent with these nuclear forces are available. [1] Detailed numerical work has produced remarkable agreement with many data. The computations produced the spectrum of the Galilei invariant Casimir Hamiltonian
with an accuracy of ∼ 1% for A ≤ 10, [1] so that larger discrepancies with data can be attributed to an inadequacy of the Hamiltonian. The three-body potentials are essential for the agreement with the data. This success raises questions whether the Hamiltonian H of A nucleons
can also account for the low-energy properties of large nuclei. The Hamiltonian (2) defines the Fock-space Hamiltonian H = H 0 + V independent of the nucleon number. This Hamiltonian is a number-conserving polynomial in the nucleon creation and annihilation operators, c † ( x) and c( x), or their Fourier transforms c † ( p) and c( p). The Hamiltonian is Galilei covariant,
and the Galilean boost generator K defined by
For a given Hamiltonian the saturation properties of homogeneous nuclear matter present a mathematically well defined problem. The Fermi-gas ground state |Φ defined by a( x)|Φ = 0, and b( x)|Φ = 0 with
is the cyclic vector of a Fock-space, F, spanned by polynomials O of the creation operators a † ( x) and b † ( x) applied to |Φ with the norm
The density ρ 0 is then
The ground state of homogeneous nuclear matter |Ψ cannot be represented by a vector in this Fock space. (Haag's theorem [5] ) It can, however, be defined by a linear functional OΦ|Ψ over the Fock space vectors O|Φ ∈ F, [6] normalized to Φ|Ψ = 1. This representation can be realized by |Ψ = e S |Φ where S is a polynomial in the particle and hole creation operators, a † and b † . The operator S is a sum of monomials, S n , of n particle and n hole creation operators. Invariance under translations implies S 1 ≡ 0. Any functional of this form is annihilated by the operators
and
A(x)|Ψ = 0 and B(x)|Ψ = 0. The operator S is determined by the requirement that |Ψ is stationary,
or equivalently
The energy per nucleon, ǫ, is then determined by H( x) and the operators S 2 and S 3
With contemporary computing power accurate numerical results should become available.
There is an infinity of unitary transformations of the Hamiltonian which leave the Smatrix unchanged. [7] Applied to Hamiltonians with only two-body potentials these transformations generate many-body potentials. The truncated Hamiltonians with only the transformed two-body potentials have different spectral properties. The infinite manifold of scattering equivalent two-nucleon potentials is not sufficient to produce agreement with the empirical saturation properties of nuclear matter. [8, 9] Corrections of the Brueckner approximations are needed for accurate results. [9] With the three-nucleon potential required by the spectral properties of light nuclei, agreement or disagreement with empirical saturation properties of nuclear matter should give an indication whether the successful few-nucleon dynamics can also account for the properties of heavy nuclei.
Poincaré Compliance
While the mathematical framework sketched here exists for all energies it is applicable only well below meson production thresholds. With that limitation there remains the question what corrections are needed to satisfy the requirements Poincaré symmetry. [3, 4] . Galilean invariant nuclear dynamics can provide good approximations to results of Poincaré invariant dynamics because the irreducible representations of the two groups are closely related. The little groups, SU (2) are the same. With a mass operator M of A nucleons of mass m and the Hamiltonian H R defined by H R := P 0 − Am, the identity
suggests the definition of the relativistic Casimir Hamiltonian
The binding energies, E B of nuclei are related to the point spectrum of the Casimir Hamiltonian h B by
The "relativistic correction" implied by this relation is less than 0.5%. The relation of the Casimir Hamiltonian h R to the Hamiltonian H R is approximately the same as for Galilean dynamics as long as the spectral projectors of the Hamiltonian are restricted to values E ≪ 2Am. For two nucleons the Casimir Hamiltonian
is identical to the Galilean expression. Common "quasi-potential" reductions [10] of Lorentz invariant Green functions produce resolvents of M 2 . The Bakamjian-Thomas construction [11] of Poincaré generators as functions of the mass operator and kinematic quantities does not satisfy cluster separability [12] . But scattering equivalent generators satisfying cluster separability can be constructed recursively for any nucleon number A. [13] For the calculation of binding energies and low-energy excitations the A-body forces generated in this manner are expected to be negligible for A > 3.
Dirac Dynamics
It can be advantageous to realize symmetries by embedding the physical states in a larger pseudo-Hilbert space. Quantum electro-dynamics is a well-known example. [14] The characteristic feature of Dirac quantum mechanics is the introduction of four-component wave functions designed to permit linear representations of the Lorentz Group. The intrinsic parity is the additional virtual degree of freedom introduced in the transition from the spin representation to the spinor representation. The Lorentz invariant inner product is indefinite, but the physical one-particle states form a subspace with a positive invariant inner product. In the presence of external fields the projection into the physical states is a functional of the external fields. With many-body quantum mechanics formulated on tensor products of spinor functions the projection onto the physical subspace will, in general, be interaction dependent. With the additional degree of freedom (intrinsic parity), Slater determinants of modified single particle spinor functions can represent dynamical effects that would appear as correlations in ordinary many-body wave functions.
For a single free nucleon the physical states are specified by the projection
where α = γ 5 σ and the intrinsic parity β are represented by the matrices
Thus any physical Fock space state |Ψ of free nucleons satisfies
When the interactions do not commute with the projection P + the subspace of physical states depends on the interactions. Projection onto the free-nucleon Hilbert space would produce effective many-body potentials. By definition the Dirac-Fermi-gas state |Φ is invariant under translations, P |Φ = 0, and satisfies
It follows that
In the absence of interactions the Fermi gas is stationary. The coupled cluster representation of homogeneous nuclear matter |Ψ = e S |Φ is similar to the "non-relativistic" representation, except for the additional virtual degrees of freedom in the Fock space built on |Φ . Now S 1 ≡ 0 is no longer required by translational invariance. However,ã
where the modified projectioñ
is a functional of S 1 which depends on the interactions. With the modified Fermi gas |Φ satisfyingã( p)|Φ =b( p)|Φ =d( p)|Φ = 0 , and Φ = 1 the ground state of nuclear matter can be represented by |Ψ := eS|Φ withS 1 = 0. The approximationS = 0 corresponds to the "relativistic mean-field" approximation. Since important dynamical features are already incorporated in |Φ , the coupled cluster correlationsS may be considerably weaker than those required with standard Hamiltonian dynamics.
Conclusions
"Realistic" Hamiltonians with two-and three-nucleon potentials are consistent with a vast array of two-nucleon data and with spectral properties of light nuclei. Accurate nuclear matter results for realistic Hamiltonians should become available. There is no firm theoretical basis for a prediction that there are "realistic" Hamiltonians which fit the empirical nuclear matter properties without additional many-body forces.
Relations between Galilei and Poincaré representations indicate that Galilei covariant Hamiltonian dynamics may adequately approximate a scattering equivalent Poincaré covariant Hamiltonian dynamics.
Hypothetical "realistic" Hamiltonians acting on tensor products of spinor functions might account for both light nuclei and nuclear matter without a need for many-body forces.
